I. INTRODUCTION
In an echolocation system, detection is accomplished by employing a matched filter. A return is processed by first calculating its integral correlation with an energy-normalized version of the transmitted signal subjected to a hypothesized range-delay and Doppler shift. This is followed by an envelope detector. The output of this matched filter detector, which is also called the "test statistic," is then compared with a threshold. The probability of the matched filter output exceeding the threshold, and thus declaring a target present, depends upon the statistical nature of the return. If the target echo is merely a delayed version of the transmitted signal and is corrupted by additive white Gaussian noise, then the matched filter is the optimum processor in that sense that it maximized the signal-to-noise ratio at the detector output. In practice, target reflections are unpredictable and the corrupting signal due to noise and clutter (reverberation) are described by non-Gaussian statistics. In such cases the matched filter is suboptimal. Nevertheless, it is widely used, and the work reported here addresses the characterization of its statistics for these situations.
The classical theory of detection is based upon the assumption that a return containing clutter and noise, as well a target echo, is described by Gaussian statistics. This implies that the matched filter output amplitude follows a Rayleigh probability density function (pdf). Although ideally this is true, the amplitude often deviates from a Rayleigh pdf because fewer scatterers contribute to a return as the illumination cell size become small. Much research has been directed toward the problem of describing the matched filter output when only clutter, noise or reverberation is present and has lead to theoretical and experimental justifications for using the Weibull, lognormal or K-type pdfs for modeling the matched filter output amplitude [1] [2] [3] . These efforts have been extended to include the case of chi-square fluctuating targets in arbitrary clutter [4] .
The work reported here is based on the seminal work of Amindavar and Ritcey [5, 6] , who developed a method for approximating pdfs that are commonly encountered in detection problems. Their approach approximates the moment generating function of the matched filter output amplitude pdf (the Laplace transform of the pdf) using a Padé approximation derived from the moments of the pdf about the origin. The Padé approximation is then inverted to yield an approximation to the pdf and cumulative distribution function that is composed of exponentially decaying sinusoidal functions. The approximations are accurate to several decimal places if the order of the Padé approximation is sufficiently high.
The method reported here parallels the work of Amindavar and Ritcey, but is more general in that it models the joint pdf for the real and imaginary parts of the complex matched filter output. This is accomplished by deriving a Padé approximation to the two-dimensional characteristic function (CF), which is the forward Hankel transform of the joint pdf. This approximation is inverted to obtain approximations to the pdf and other statistical functions that are sums of Bessel functions. As is shown, the advantage of this method is that it can be used to determine the pdf of complex random variables that are the sum of two or more complex random variables. Thus, if the pdfs of the matched filter outputs for the cases of "clutter only" and "target only" are known, an approximation to the pdf for the case of "target plus clutter" can be found.
The remainder of the paper is arranged as follows. In Section II it is shown that the complex matched filter output can be described by a circularly symmetric joint pdf whose CF is its Hankel transform. Basic properties of the CF are also presented. In Section III the Padé approximation to the CF is described. Two methods for calculating the Padé coefficients are described in Section IV. The CF for the case of a target in clutter is presented in Section V. Section VI contains five examples that demonstrate the technique for deriving approximations to the statistical functions and quantifying their accuracy. One example shows how to derive an approximation to the matched filter output amplitude pdf for the case of a target in clutter given the separate pdfs for the clutter and target. The example also demonstrates the calculation of a receiver operating characteristic (ROC curve).
II. BACKGROUND
Suppose the random complex matched filter output is given by`= u + |v = re |µ (1) where r and µ are, respectively, the amplitude and phase of the matched filter output in response to the return. Here, r = j`j is the test statistic. Under the common assumption that there is no knowledge of its likely value, the phase is modeled as uniform random variable in the interval [0, 2¼). This implies that the joint pdf of the complex matched filter output is circularly symmetric. Therefore, using the polar notation (r, µ), the joint pdf of the complex matched filter output has the following form:
where f R (r) is the pdf of the amplitude r. The CF for the complex random variable u + |v is equal to the two-dimensional Fourier transform of its joint pdf:
Substituting (2) into (3), invoking a change of variable from Cartesian to polar coordinates and writing the result as an iterated integral yields
The inner integral in (4) is equal to the zeroth-order Bessel function given by
and its value is only dependent upon the "radial frequency" defined as
It follows that
revealing that the CF is also circularly symmetric. Thus, the relationship between the pdf f R (r) and the CF is described by the Hankel transform pair [7] ©(½) =
It is possible to show that the CF has the following properties (see Appendix):
Furthermore, substituting (5) into (8) reveals that
where the coefficients are proportional to the even moments of the pdf and are given by
The performance of a detection system is not directly specified by the CFs or pdfs, but by areas under tails of the pdfs. These areas are the probability of false alarm (P fa ) if only clutter is present in the return and the probability of detection (P d ) if a return contains a target echo as well as clutter. These probabilities are given by the survival function (SF), which is defined as
and is equal to the cumulative distribution function subtracted from 1. In the next section it is shown that the CF can be approximated by a Padé approximation, which in turn yields approximations to its associated pdf and SF.
III. PADÉ APPROXIMATIONS TO THE CF
Since (10) shows that the CF can be expressed as an ascending series in powers of ½ 2 , it is possible to say that
where
A Padé approximation (rational approximation) to g(y) is defined as
where z 1 , :::, z L and p 1 , :::, p M are, respectively, the zeros and poles of the Padé approximation and l 1 ¢¢ ¢ l L and m 1 ¢ ¢ ¢m M are, respectively, the integer orders of the zeros and poles. Furthermore, M · m 1 + ¢¢ ¢ + m M and (because of property (iv)) L < M. Approximating g(y) by any method will also yield an approximation to the CF by replacing y with ½ 2 . Thus,
The terms in the partial fraction expansion in (16) can be inverted to obtain an approximation to the pdf provided that Ref p ¡p k g > 0 for k = 1,:::, M. (The square root of ¡p k = jp k j exp(|Ã k ) where ¡¼ < Ã k · ¼ is not unique. Without loss of generality, the principal square root is used, which is defined here to be p jp k j exp(|Ã k =2).) Thus, substituting (16) in (9) and carrying out the integration yields [8] 
where K n (x) is the nth-order modified Bessel function of the second kind. Using the property
an approximation to the SF can be found from (12) and (17):
These approximations reflect the presence of repeated poles of the same value. This is done for completeness, although the author knows of no case of repeated poles. In the examples, the modified Bessel functions in (17) and (19) were calculated using power series and asymptotic expansions [9] . The requirement that Ref p ¡p k g > 0 is usually met in practice. The square root of the negative value of a pole with a non-zero imaginary part always has a non-zero, positive real part. The only pathological case is the occurrence of a real-valued, nonzero positive pole in (15) . The square root of its negative value will be purely imaginary, so the term in the partial fraction expansion of (16) associated with this pole will not be "invertible." Fortunately, the expansion can be "stabilized" by replacing the pole by two conjugate poles with non-zero imaginary parts, thus producing a modified Padé approximation that can be inverted. This procedure is demonstrated in the examples. Easy stabilization of the Padé approximation means that there should be little concern with how a particular method for deriving a Padé approximation places the poles in the complex plane.
The interpretation of the CF is similar to that of a Fourier transform of a time signal. The values of the CF for "small" ½ correspond to the low-frequency components of a Fourier transform. Thus, it is the value of the CF near ½ = 0 that determines the shape of the pdf or SF where each function changes slowly (has a small derivative). On the other hand, it is the values of the CF for "large" values of ½ that correspond to high-frequency components in a Fourier transform. These values determine the shape of the pdf and SF where their derivatives are large, which is typically near r = 0. The tail region (large r) and peak of most pdfs of interest vary slowly. Thus, accurate approximations of the pdf and SF tails and the pdf peak require an accurate approximation of the CF near ½ = 0. Therefore, the methods for deriving Padé approximations presented in the next section were derived to ensure that the CF is accurately approximated near ½ = 0.
IV. CALCULATING PADÉ APPROXIMATIONS
Two methods were employed to calculate the Padé coefficients a 1 , :::, a L and b 1 , :::, b M in (15) and (16) . The choice of method depends upon whether the CF is known in closed form.
A. Moment Matching
In this approach, the Padé coefficients are chosen so that when (10) is equated with (15) and both sides are multiplied by the denominator (15), the first L + M coefficients of the power series on both sides of the resulting equation are equal. Thus,
This leads to the following matrix equation whose solution yields the denominator coefficients b 1 , :::
where c 0 = 1 and c i = 0 for i < 0. The equations for the numerator coefficients are given by
The numerator coefficients are found first by solving (21). The coefficients a 1 , :::, a L are then found through back-substitution in (22). The Hankel matrix in (21) is generally ill-conditioned, so the inverse cannot always be precisely calculated. Rather, b 1 , :::, b M should be found by Gaussian elimination or a similar technique. Moment matching works best if the CF or the moments about the origin are known in closed form. If the moments cannot be expressed in closed form, they may be determined by numerically integrating the pdf. Alternately, the following method can be used to find a Padé approximation to the CF.
B. Interpolation
This approach chooses the coefficients so that the Padé approximation equals the CF for certain values of ½. Thus, if ©(½ 1 ), :::, ©(½ L+M ) are known, then from (16) it follows that 0 B @ 
V. DERIVING NEW MODELS
If a return contains additive clutter (or reverberation or noise) and a target echo, then the complex matched filter output`is equal to the sum of its responses to both the clutter (u + |v) and the target echo (w + |x). Thus,
Assuming that the target and clutter returns are statistically independent and that the phase of each response is a uniform random variable, then the joint pdf for (r, µ) is a convolution between the circularly symmetric joint pdfs f R,£ (r, µ j target) = f U,V (u, v) and f R,£ (r, µ j clutter) = f W,X (w, x). This also means that the CF associated with the pdf for the sum in (24) is equal to the product of the CFs associated with the separate clutter and target responses, thus
where the signal-to-clutter ratio (SCR) for this model is defined to be
It follows that a Padé approximation to the CF for the target-plus-clutter case is simply the product of the Padé approximations to the CFs on the right side of (25). Deriving a new Padé approximation through moment matching or interpolation is unnecessary.
The discussion above suggests a method for calculating ROC curves that is displayed as a flow chart in Fig. 1 . Note that if r is scaled (r ! ®r, where ® is real and positive), then it is possible to show that
Consequently, the poles and zeros of a Padé approximation to the CF are also scaled and are given by
It is also possible to show that the expected power (Efr 2 g) is scaled by ® 2 , so if ©(½ j target) in (25) is scaled, then the SCR is also scaled by ® 2 . Thus, to calculate the SF for a given SCR, scale the poles and zeros in the approximation to ©(½ j target), carry out the multiplication in (25), expand the result into a partial fraction expansion and perform the inversion given by (19) . This procedure can be repeated over a range of SCRs, thus allowing a ROC curve to be determined by evaluating the approximated SF for each SCR at the detection threshold°. Of course the detection threshold is a function of a given P fa and is found beforehand by solving S R (°j clutter) = P fa (using Newton's method), where S R (r j clutter) is either the known SF for the matched filter response to clutter, or an approximation.
VI. EXAMPLES
This section contains five examples of approximating the statistical functions for clutter and target fluctuation models commonly encountered in radar and sonar detection problems. All computations were carried out to using Maple, a software package for symbolic and numerical computation [10] . Maple performed all floating-point computations to ten significant digits. In the first three examples, the SF and CF are known in closed form, which allowed evaluation of the accuracy of their approximations. The last example demonstrates how to stabilize the Padé approximation to the CF if it possesses a real pole.
In all of the examples L and M were chosen so that the values of the SF approximation in the range of common values of P fa (typically 10 ¡5 to 0.01) agreed with the actual SF to at least two decimal places. Although this was accomplished through trial and error, some rules for choosing L and M were used. Because the asymptotic behavior of the Padé approximation to the CF is proportional to 1=½ 2(M¡L) , it is best to first choose M ¡ L so that for large ½ the Padé approximation follows the asymptotic behavior of the actual CF as closely as possible. After this difference in order is chosen, start with some small value of M (for example, M = 3) and increase it until the approximation to the SF tail is acceptable.
A. Rayleigh Clutter Model
Consider the following Rayleigh fluctuation model:
(32)
Since the CF is known in closed form, moment matching was used. For L = 3 and M = 7 the numerator and denominator coefficients for the Padé approximation to g(y) are a 1 = ¡1:500209 £ 10 
The complex poles of the Padé approximation to g(y) that yielded (35) and the square roots of their negative values are shown in Fig. 2 . Inverting the CF approximation in (35) yields the following 
Because the pdf, SF, and CF for the Rayleigh fluctuation model are known in closed form, the quality of the above approximations were assessed using the relative error defined as
Its negative value is approximately equal to the number of significant digits of agreement between the exact equation and its approximation. 1 Furthermore, it is logarithmic, so it may also be interpreted as a percent error expressed as an order of magnitude, e.g., RE = ¡1 is a ten percent error, RE = ¡2 is a one percent error, etc. The relative errors of the CF, pdf, and SF approximations are shown in Figs. 3 and 4 . The relative error of the CF approximation is approximately ¡8 for ½ < 1:8, which implies that the CF was approximated to eight significant digits. 2 The relative error of the SF approximation is less than ¡2 for 0 < r < 4:8, implying that there are at least two significant digits of agreement between the exact form of the SF in (32) and its approximation in (37). Therefore, tail probabilities as small as 10 ¡5 can be accurately calculated.
This example shows that an accurate approximation can be found for pdfs and SFs even when their tails decay rapidly. The CF also decays rapidly, which dictated choosing L ¿ M. This made the tail of the Padé approximation to the CF proportional to 1=½ 8 , although for sufficiently large ½ the actual tail decays much more rapidly.
The Rayleigh fluctuation model is of limited use. In practice, the matched filter output amplitude can significantly deviate from the Rayleigh model, especially when a system has high spatial resolution.
In such cases, the pdf and SF tails tend to decay exponentially (f R (r) » Ke ¡¯r ). As shown in the next example, such models can be accurately approximated using the method presented here.
B. K-Type Clutter Model
The K-type clutter model is given by
where 2 F 1 (a, b; c; t) denotes the confluent hypergeometric function. The series in (41) converges when ½ < b and º < 2. It has been used to model the backscatter of microwave radar from the sea surface at low grazing angles [2, 3] . This model is derived using the assumption that the number of scatterers seen on any one observation is a random variable that follows a negative binomial distribution [11] [12] [13] , which may arise from a return containing reflections from a small number of scatterers. This is opposed to the conventional assumption that the number of scatterers contributing to a return is always large, implying that the matched filter output follows a Rayleigh pdf. The model can also be derived as a "compound process" where the scattering amplitude is described by a conditional Rayleigh pdf whose mean follows a chi pdf [14] . Consider the case of º = 0:5 and b = p 3, for which the pdf and SF possess tails that decay less rapidly than that of the Rayleigh model. Again, moment matching was used for deriving a Padé approximation to the CF since it can be expressed as a power series near ½ = 0. For L = 3 and M = 4 the numerator and denominator coefficients for the Padé approximation to g(y) are 
The relative errors of the CF, pdf, and SF approximations are shown in Figs. 5 and 6. The relative error for the SF approximation is less than ¡3 for 0 < r < 15, implying that there are at least three significant digits of agreement between the exact form of the SF in (40) and its approximation in (45). Tail probabilities as small as 1:4 £ 10 ¡10 can be accurately calculated.
C. Nakagami Target Model
The Nakagami target fluctuation model is given by [15] :
where ¡ (n, t) denotes the incomplete gamma function and 1 F 1 (a; b; t) denotes the degenerate hypergeometric function. This amplitude fluctuation model follows from the chi-square model for target strength (r 2 ) [16, 17] . In particular, N = 1 corresponds to a Rayleigh model and N = 2 corresponds to a one-dominant-plus-Rayleigh model [1] .
Consider the case of N = 0:5 and ¾ 2 = 1, for which the pdf and SF possess tails that decay less rapidly than that of the Rayleigh model and models a target with a wide range of likely cross sections. Again, moment matching was used for deriving a Padé approximation to the CF since it is known in closed form and can be expressed as a power series. For L = 5 and M = 6, the numerator and denominator coefficients for the Padé approximation to g(y) are 
The complex poles of the Padé approximation to g(y) that yielded (50) and the square roots of their negative values are shown in Fig. 7 . Inverting the CF approximation in (50) yields the following approximation to the pdf: 
The relative errors of the CF, pdf, and SF approximations are shown in Figs. 8 and 9 . The relative error of the SF approximation is less than ¡2 for 0:25 < r < 6:7, implying that there are at least 2 significant digits of agreement between the exact form of the SF in (47) and its approximation in (52). Tail probabilities as small as 2:2 £ 10 ¡6 can be accurately calculated.
D. Nakagami Target in K-Type Clutter
As shown in Section V, if the statistical models for the matched filter output amplitude in response to target and clutter are separately known, then the statistical model for the response to the target-plus-clutter case may be approximated.
Consider the case of a Nakagami fluctuating target (example C) buried in K-type clutter (example B). Multiplying (43) and (50) to find a Padé approximation to the CF, carrying out another partial fraction expansion and inverting yields the following approximation to the pdf: 
These approximations of the pdf and SF correspond to the case of the SCR equal to 1 (0 dB). The procedure outlined in Section V was used to derive ROC curves for an SCR range of 0 to 45 dB and three common values of P fa . The curves are shown in Fig. 10 , which also includes the ROC curves for the case of the target and clutter both exhibiting Rayleigh fluctuations. These curves are given by
The figure clearly shows that the statistical nature of the target and clutter fluctuations have a profound effect upon P d . It shows that the detection problem examined here is more difficult than that under the Rayleigh assumption. This is often the case when non-Rayleigh statistics apply because the pdfs of the clutter have larger tails. To gauge how accurately detection probabilities can be calculated, the method demonstrated above was applied using the approximation for the Rayleigh CF in example A for both the target model and clutter model. It was found that the values of P d calculated this way matched those found from (55) to at least four decimal places.
E. Lognormal Clutter Model
The lognormal model is given by
There is no closed-form expression for the CF. In fact, not even a series representation can found. (Direct application of (10) and (11) yields a series that, as the ratio test reveals, diverges for all ½ > 0.) Thus, interpolation was used to find the Padé coefficients. Consider the case where´= 1 and ¾ 2 = 1. The values of the CF were found by numerical integration of (8) 
This CF approximation is shown in Fig. 11 , which clearly show a pole at ½ = 5:500033. This is due to a pole in the Padé approximation to g(y) at y = 30:25036. Inversion of (58) yields approximations to the pdf and SF that appear as sinusoids of increasing amplitude, which is unacceptable. (In a strict sense, the approximation cannot be inverted because p ¡30:25036 = |5:500033. Nevertheless, (17) and (19) can still be formally evaluated.)
A remedy to this problem is to replace any denominator factor that contributes a positive real pole in a Padé approximation to g(y) with two factors such that at y = 0 the revised approximation and its derivative are the same as the original. To first order, such a replacement will preserve the value and slope of the Padé approximation near the origin. If p is a positive real pole, then this can be accomplished by invoking the following replacement in the right side of (15):
This "pole splitting" replaces the original pole (p) with a new zero (z) and two identical poles (p, p) that are subsequently rotated about the origin (pe |± , pe ¡|± ) until approximations to the pdf and SF no longer display unacceptable amounts of oscillation. (If ± = 60 ± , then z = 1 and the numerator in (59) is equal to 1.) As shown in Fig. 12 , choosing ± = 90 ± places two new poles at §|30:25036, which yields the following revised Padé approximation to the CF: 
The corresponding approximation to the SF is 
The relative errors of the pdf and SF approximations are shown in Fig. 13 . The relative error of the SF approximation is less than ¡1:85 for 1:7 < r < 30, implying that there are almost 2 significant digits of agreement between the exact form of the SF in (57) and its approximation in (63). Tail probabilities as small as 3:4 £ 10 ¡4 can be accurately calculated.
VII. SUMMARY AND CONCLUSIONS
It has been demonstrated that the CF that describes the statistical nature of the matched filter output amplitude r can be accurately approximated by a Padé approximation. Interpreted as a Hankel transform, the Padé approximation can be inverted to yield approximations to the pdf and SF of r. Unlike the Laplace transform methods [5, 6] , it can be used to derive approximations to the pdf and SF of r for the target-plus-clutter case when the target and clutter fluctuation models are separately known. Should the method yield an "unstable" Padé approximation to g(y) with positive poles, it may be stabilized by the pole splitting procedure. This is easier to perform than the root locus technique applied in the Laplace transform method. The principal contribution reported here is the capability to derive approximate statistical models to the target-plus-clutter case given separate models for the target and clutter. This opens the possibility for accurate quantification of matched-filter detection system performance in almost any environment with any target fluctuation model. All that is required are the moments of the matched filter output amplitudes, which may be estimated from data. Certainly histograms can be used to estimate the moments, but this can occasionally lead to unstable approximations (a real-valued, non-zero positive pole in the Padé approximation). Fortunately, the pole-slitting technique can be applied to stabilize such approximations. An alternate procedure used in the course of this research was to estimate the moments through numerical integration of an estimated pdf. These pdfs were derived from failure rate analysis of data histograms [18] and were found to be well approximated using the method reported in this work. Other techniques for estimating the moments are currently under investigation.
APPENDIX. PROPERTIES OF THE CF
In this Appendix the four properties of the CF stated in Section II are proved. Each property follows from examination of (8) .
Property 1 is immediate since both f R (r) and J 0 (½r) are real. Property 2 follows from the inequality ¡1 < J 0 (x) < 1. Property 3 follows from J 0 (0) = 1.
A preliminary result is needed to prove Property 4. Consider the following integral representation for the Bessel function when Refº + 1=2g > 0 and x > 0 [19] :
